The goal of this paper is to investigate the effect that a distribution of kinesin motor velocities could have on cytoskeletal element (CE) concentration waves in slow axonal transport. Previous models of slow axonal transport based on the stop-and-go hypothesis (P. Jung, A. Brown, Modeling the slowing of neurofilament transport along the mouse sciatic nerve, Physical Biology 6 (2009) 046002) assumed that in the anterograde running state all CEs move with one and the same velocity as they are propelled by kinesin motors. This paper extends the aforementioned theoretical approach by allowing for a distribution of kinesin motor velocities; the distribution is described by a probability density function (PDF). For a two kinetic state model (that accounts for the pausing and running populations of CEs) an analytical solution describing the propagation of the CE concentration wave is derived. Published experimental data are used to obtain an analytical expression for the PDF characterizing the kinesin velocity distribution; this analytical expression is then utilized as an input for computations. It is demonstrated that accounting for the kinesin velocity distribution increases the rate of spreading of the CE concentration waves, which is a significant improvement in the two kinetic state model.
Introduction
Neurons, the specialized cells of the nervous system, have very long processes, axons and dendrites; axons transmit signals while dendrites receive signals. Support of signaltransmitting function of axons and signal-receiving function of dendrites requires various proteins. Most chemical synthesis occurs in the neuron body; protein synthe-sis includes such steps as production of messenger RNAs (mRNAs), mRNA transport and translation into proteins that occurs in ribosomes, protein processing, packaging, and trafficking [1] . Other components that are required for axon and dendrite functioning include cytoskeletal elements, which are building blocks of axonal and dendritic cytoskeletons. Synthesized particles must be transported to particular locations in the axons and dendrites where they are needed, and used components must be returned to the cell body for reprocessing. Explaining how this is done in axons is especially challenging because axons can be very long (in a human body they can be up to 1 m in length) [2] .
Depending on its velocity, anterograde axonal transport is divided into three categories: fast axonal transport, component B of slow axonal transport, and component A of slow axonal transport. In fast axonal transport cargos move with an average velocity of 1−5 µm/s, in component B of slow axonal transport they move with the average velocity of 0.02−0.09 µm/s, and in component A they move with an average velocity of 0.002−0.01 µm/s. Retrograde axonal transport occurs only at a "fast" velocity of 1−5 µm/s. The particular mode of transport typically depends on the type of cargo; for example, organelles and vesicles are transported by fast axonal transport while neurofilaments (NFs) are transported by component A of slow axonal transport [3] [4] [5] [6] [7] [8] .
Axonal transport is powered by two types of molecular motors, kinesins and dyneins. In axons kinesins are responsible for anterograde motion while dyneins are responsible for retrograde motion. Both of these motor types walk along microtubules (MTs) and extract energy from ATP hydrolysis. Since velocity of fast anterograde axonal transport corresponds to velocity of kinesins, it is believed that in this mode cargos are directly pulled by kinesin motors. Likewise, in retrograde axonal transport cargos are directly pulled by dynein motors. There is extensive evidence that cargos in slow axonal transport are also moved by kinesin and dynein motors, but in this case motors do not pull the cargos continuously; periods of rapid motion are followed by pauses, which can be short (where motors remain attached to MTs) or long (where motors detach from MTs) [1, [9] [10] [11] [12] [13] [14] [16] [17] [18] . By considering a change in the motor "duty cycle" (the ratio of the cargo residence time in the running state to that in the pausing state) one can explain how different velocities observed in slow axonal transport can be caused by the action of the same molecular motors that are responsible for fast axonal transport. The above explanation is summarized by the stop-and-go hypothesis [19] [20] [21] [22] , which states that cargo pausing is the main reason explaining why the average cargo velocity in slow axonal transport is many times (often by a factor of 100) smaller than the velocity of motors that propel this motion. Utilizing the stop-and-go hypothesis, Jung and Brown [23] developed several models of various complexities that simulate slow axonal transport of NFs in axons. The basic model (the one utilized in the present research) accounts only for two kinetic states of NFs, pausing and running. Numerical and perturbation solutions of equations developed in [23] were reported in [24] [25] [26] [27] [28] [29] [30] .
The purpose of this paper is, building on analytical techniques developed in [31] and [32] , to investigate the effect of kinesin motor velocity distribution on slow axonal transport. As demonstrated in [31] and [32] , the major difficulty of the basic two kinetic state model of Jung and Brown [23] is insufficient rate of spreading of the concentration wave, which is much less than experimentally reported [33] . One possible improvement of the model is accounting for the kinesin velocity distribution. This paper investigates how accounting for this effect impacts the solution behavior and, in particular, the rate of spreading of the concentration wave.
Governing equations
A schematic diagram showing a neuron, an axon, the injection point of the CEs, and the coordinate system is displayed in Fig. 1 (a) , Fig. 1 (b) depicts a kinetic diagram showing two CE populations (pausing and running) and kinetic processes between them. It is assumed that the kinetic processes are described by first-order reactions. Fig. 1 (c) displays the initial condition. It is assumed that at * = 0 all injected CEs are in the running state, and that they initially form a uniform pulse of width * . The origination point of the coordinate system is located at the left-hand side of the initial pulse. Under these assumptions, the governing equations (which correspond to Eq. (7) in [23] ) are
where * 0 is the linear number density of CEs (number of CEs per unit length of the axon) in the pausing state (particles/µm), * 10 is a first-order rate constant describing the probability of transition from the running to the pausing state, see Fig. 1 (b) , (1/s), ν * is the kinesin motor velocity, calculated excluding pauses (µm/s), * is the linear coordinate along the axon (µm), and * is the time (s). Asterisks denote dimensional variables. From the kinetic diagram displayed in Fig. 1 (b retrograde motion and vice versa, but the important features of the model of slow axonal transport based on the stop-and-go hypothesis can be captured by Eqs. (1) and (2) . The total linear number density of CEs (in the pausing and running states), which is the parameter accessible to experiments, is *
Another way of interpreting the functions * 0 and * 1 (suggested in [23] ) is to view these functions as the probability densities of finding a CE in the pausing and running states, respectively. The two approaches are identical because for an ensemble of independent CEs the concentration of CEs in a particular kinetic state is proportional to the probability of finding a CE in that kinetic state. Since the probability of finding a CE in one of the kinetic states somewhere in the axon is equal to 100%, * is normalized by the following condition:
Since CEs in the motor-driven state are the only CEs that can move, the flux of CEs (particles/s) is given by * = ν * * 1
At * = 0 a no CE-flux condition is imposed. Eqs. (1) and (2) are thus solved subject to the following boundary condition: *
The dimensionless forms of Eqs. (1) and (2) are and the dimensionless total linear number density of CEs, = 0 + 1 is defined as * ν * γ *
01
. The dimensionless average velocity of a CE for large , defined as ν = ν * ν * . is ν = 1 1+γ 10 . When CEs are injected, they are all initially assumed to be in the running state. It is also assumed that initially CEs form a uniform pulse confined between 0 ≤ ≤ with an amplitude of 1 (where = * γ * 01 ν * ), so that the condition ∞ 0 ( ) = 1 is satisfied. Mathematically this initial condition can be described as follows:
where H is the Heaviside step function. The subsidiary equations are
Eqs. (12) and (13) 
In calculating the inverse Laplace transforms of the righthand sides of Eqs. (14) and (15) the use is made of the convolution integral (the superposition theorem) [34, 35] as well as of the property of the inverse Laplace transform that
The following solutions for the CE concentrations are obtained: 
(17) where I 1 (η) is the modified Bessel function of the first kind of order 1.
Results for a constant kinesin velocity
In order to convert solutions (16) , (17) , respectively. Fig. 2 shows that within the first 30 s the equilibrium concentrations are attained. It should be noted that during the initial stage of the process the concentration of running CEs uniformly decreases (from its value of 1/ * at * = 0) and the concentration of pausing CEs uniformly increases (from its zero value at * = 0), but both concentrations retain the rectangular shape of the initial pulse displayed in Fig. 1 (c) . Fig. 3 shows the concentration waves at * = 1 and 10 hours. It is evident that by * = 1 hour the transition of concentration waves from rectangular pulses to bellshaped waves has began. By * = 10 hours the bellshaped waves typical for slow axonal transport [23] have formed. It is interesting that the waves corresponding to a larger width of the initial pulse, * , are slightly ahead of the waves corresponding to a smaller value of * . This is explained by the fact that for a larger value of * the geometric center of the initial pulse is slightly ahead of that for a smaller value of * (see Fig. 2 ), and this shift remains as the wave propagates. [23] (these profiles are based on experimental data reported in [33] ) indicate that in the experiment the concentration profiles spread out faster. One possibility of obtaining a closer match between the experiment and modeling is accounting for a possible retrograde motion of CEs. Physically, the switch to retrograde motion can occur if a dynein motor takes over. Such models were developed in [23] ; however, they include either four or six kinetic states and therefore they are too complicated to obtain an analytical solution. Another possibility is accounting for the fact that all kinesin motors do not move with the same velocity, but rather exhibit a velocity distribution.
Effect of kinesin velocity distribution
The PDF of kinesin velocity distribution is found by fitting the experimental data reported in Fig. 2 (a) of Courty et al. Fig. 6 . Eqs. (16) and (17) (after Eq. (18) is used to convert them to the dimensional form) give concentrations of pausing and running CEs under the assumption that all CEs move with one and the same velocity ν * . The situation of when the kinesin velocity distribution is characterized by a PDF (ν * ) can be approached as follows. Imagine that CEs and kinesin motors are characterized by color, depending on the velocity of the kinesin motor that transports a CE; green CEs are transported only by green kinesin motors that move with velocity ν * 1 , red CEs are transported only by red kinesin motors that move with velocity ν * 2 , etc. It is assumed that CEs do not switch the type of kinesin motors (even after a CE transitions to the pausing state and then back to the running state, it is moved by a kinesin motor of the same color). Physically this can be explained as follows. Imagine that transition to the pausing state occurs not due to kinesin motor detachment from a CE, but due to its deactivation. Transition back to the running state can then be interpreted as activation of the attached kinesin motor. Now consider the following situation at * ; ν * 2 ) to obtain the concentration of running CEs [37] . Now let one have a large number of colors, and assume that the concentrations of these colored CEs at * = 0 are distributed according to a stepwise version of (ν * ). Physically one can imagine that CEs from the initial pulse are picked up by kinesin motors whose velocity distribution is characterized by a PDF (ν * ). In the limit of the infinite number of colors the concentrations of pausing and running CEs are given by the following integrals that express superpositions of concentrations corresponding to different kinesin velocities: * In practice the integrals on the right-hand sides of Eqs. (20) and (21) , and * = 1000 µm. Fig. 7 compares concentration waves computed assuming a constant kinesin velocity (equal to the expected value of kinesin velocity distribution displayed in Fig. 6 ) and those computed using a PDF of the kinesin velocity. Wave profiles are presented for * = 1 and 5 hours. One can see that the CE concentration profiles start to deviate sharply between constant and distributed kinesin velocity situations after approximately 1 hour. Fig. 8 is similar to Fig. 7 , but is computed for larger times, * = 7 and 10 hours. It is evident that in the case of a constant kinesin velocity the waves decay and spread out slowly while for the case of a distributed kinesin velocity the waves decay and spread out much faster.
It is interesting that although the shape of the wave is affected quite strongly by accounting for the kinesin velocity distribution, the velocity of the wave, defined as
, is independent of whether the kinesin velocity is assumed constant or distributed. This property follows from the linearity of the problem (this fact has been also checked numerically); the velocity of the wave in either case remains constant and equal to ν * 
Conclusions
Utilizing the Laplace transform, the exact solution for the two kinetic state model simulating slow axonal transport based on the stop-and-go hypothesis is obtained. The obtained solution describes the concentrations of pausing and kinesin-driven CEs. Using this solution, the situations of constant and distributed kinesin velocity are studied. At the initial stage of the process, which takes less than one minute, kinetic processes redistribute CEs between pausing and running states. After that CE transport continues under conditions of kinetic equilibrium.
Based on published experimental data, an analytical curve-fit for a PDF characterizing the kinesin velocity distribution is obtained. In the beginning, there is not much difference between the constant and distributed kinesin velocity situations, but after approximately one hour the CE concentrations computed for these two cases start to deviate sharply. Accounting for the kinesin velocity distribution results in a faster decay of the concentration wave amplitude and faster spreading of the wave. However, the velocity of the wave is shown to be independent of whether the kinesin velocity is assumed constant or distributed.
